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This paper investigates the following p(x)-Laplacian equations−∆p(x)u := −div(|∇u|p(x)−2 ∇u) = λK(x)f (x, u)+ βuq(x), inΩ,
u = 0, on ∂Ω,
where−∆p(x) is called p(x)-Laplacian, f (x, ·) is decreasing, and f is singular, i.e., f (x, s)→
+∞ as s → 0+ for each x ∈ Ω . The existence of a positive solution is given. Especially, we
do not restrict the growth speed of f (x, u) tends to+∞ as u → 0+.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
The study of differential equations and variational problems with non-standard p(x)-growth conditions is a new and
interesting topic. We refer readers to [1–4] for detailed application backgrounds. Recently, the applications of variable
exponent analysis in image restoration has attracted more and more attention [5–8]. There are many reference papers
related to the study of differential equations and variational problems with variable exponents, for example [1–17]. On
the overview of differential equations with non-standard growth, we refer to [14].
In this paper, we consider the p(x)-Laplacian equations with singular nonlinearities
(P)
−∆p(x)u = λK(x)f (x, u)+ βuq(x), inΩ,
u = 0, on ∂Ω.
where −∆p(x)u = −div(|∇u|p(x)−2 ∇u) is called p(x)-Laplacian, Ω ⊂ RN is a bounded domain, λ and β are positive
parameters, and f (·, ·) is a singular nonlinearity. If p(x) ≡ p (a constant), then (P) is the well known p-Laplacian problem.
There are many results on the existence of positive solutions for p-Laplacian problems with singular nonlinearities,
for example [18–20], but the results on the existence of positive solutions for p(x)-Laplacian problems with singular
nonlinearities is rare (see [16,21]). In [20], Mohammed dealt with (P) for p(x) ≡ p (a constant), and he assumed the growth
speed of f (x, u) ≤ u−θ as u → 0+, and in [21], Liu generalized it into p(x)-Laplacian. In [18], Gonçalves and Rezende
dealt with (P) for p(x) ≡ p (a constant), they used the first eigenfunction to construct the sub-solution, and they did not
restrict the growth speed of f (x, u) tends to +∞ as u → 0+. Our aim is to give the existence of positive solutions for
problem (P), and we do not restrict the growth speed of f (x, u) tends to +∞ as u → 0+. Due to the non-homogeneity of
p(x)-Laplacian, p(x)-Laplacian problems are more complicated than those of p-Laplacian ones, many results and methods
for p-Laplacian problems are invalid for p(x)-Laplacian problems, for example, the infimum of eigenvalues of p(x)-Laplacian
is zero in general, and the first eigenfunctions of p(x)-Laplacian do not exist [11]. Our results partially generalized the results
of [16,18].
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Throughout the paper, we assume that
(H1) p(·) ∈ C1(Ω), 1 < p− := infΩ p(x) ≤ p+ := supΩ p(x) < +∞.
(H2) f (·, ·) ∈ C(Ω × (0,∞), (0,∞)), f (x, s) s→0
+→ +∞, ∀x ∈ Ω , and f (x, ·) is decreasing.
(H3) 0 ≤ K(·) ∈ Lα(·)(Ω) is nontrivial, α(·) > N onΩ, q(·) ∈ C(Ω), 0 ≤ q(x) < p∗(x)− 1 := Np(x)Np(x) − 1.
Theorem 1. (i) If q+ < p− − 1, then (P) has a positive solution uλ for any λ, β ∈ R+;
(ii) If q+ ≥ p− − 1, then there exists a constant β∗ > 0 such that, (P) possesses a positive solution uλ for any λ ∈ R+ and
β ∈ [0, β∗);
(iii) For any λ∗ < λ (resp. λ∗ > λ), (P) has a solution uλ∗ ≤ uλ (resp. uλ∗ ≥ uλ).
2. Preliminary
At first, we introduce functional spaces Lp(·) (Ω) ,W 1,p(·) (Ω) ,W 1,p(·)0 (Ω) and properties of p(x)-Laplacians which we
will use later. Let
Lp(·) (Ω) =

u
u is a measurable real valued function, 
Ω
|u(x)|p(x) dx <∞

,
with the norm
|u|p(·) = |u|Lp(·)(Ω) = inf

λ > 0

Ω
|u(x)/λ|p(x) dx ≤ 1

.
The space

Lp(·) (Ω) , |·|p(·)

becomes a Banach space, we call it a variable exponent Lebesgue space. Moreover, the space
Lp(·) (Ω) , |·|p(·)

is a separable, reflexive and uniform convex Banach space (see [9,15]).
The variable exponent Sobolev spaceW 1,p(·) (Ω) is defined by
W 1,p(·) (Ω) = u ∈ Lp(·) (Ω) |∇u| ∈ Lp(·)(Ω) ,
and it can be equipped with the norm
∥u∥ = |u|p(·) + |∇u|p(·) , ∀u ∈ W 1,p(·) (Ω) .
W 1,p(·)0 (Ω) is the closure of C
∞
0 (Ω) in W
1,p(·) (Ω). W 1,p(·) (Ω) and W 1,p(·)0 (Ω) are separable, reflexive and uniform
convex Banach spaces (see [9,15]).
If u ∈ W 1,p(·)loc (Ω) ∩ C+0 (Ω), where C+0 (Ω) = {u | u ∈ C0(Ω) and u(x) > 0 inΩ}, u is called a weak solution of (P) if u
satisfies
Q
|∇u|p(x)−2 ∇u∇ϕdx−

Q
(λK(x)f (x, u)+ βuq(x))ϕdx = 0, ∀ϕ ∈ W 1,p(·)0 (Q ) , ∀Q b Ω.
Let W 1,p(·)0,loc (Ω) = {u | there is an open domain Q b Ω s.t.u ∈ W 1,p(·)0 (Q )}, and define A : W 1,p(·)loc (Ω) ∩ C+0 (Ω) →
(W 1,p(·)0,loc (Ω))∗, as
⟨Au, ϕ⟩ =

Ω
(|∇u|p(x)−2 ∇u∇ϕ − λK(x)f (x, u)ϕ)dx,
where u ∈ W 1,p(·)loc (Ω) ∩ C+0 (Ω), ϕ ∈ W 1,p(·)0,loc (Ω); then we have
Lemma 2.1 (see [17, Lemma 2.1]). A is strictly monotone.
Let g ∈ (W 1,p(·)0,loc (Ω))∗, if ⟨g, ϕ⟩ ≥ 0, ∀ϕ ∈ W 1,p(·)0,loc (Ω), ϕ ≥ 0 a.e. in Ω , then denote g ≥ 0 in (W 1,p(·)0,loc (Ω))∗;
correspondingly, if −g ≥ 0 in (W 1,p(·)0,loc (Ω))∗, then denote g ≤ 0 in (W 1,p(·)0,loc (Ω))∗.
Definition 2.2. Let u ∈ W 1,p(·)loc (Ω) ∩ C+0 (Ω). If Au ≥ βuq(x) (Au ≤ βuq(x)) in (W 1,p(·)0,loc (Ω))∗, then u is called a weak super-
solution (weak sub-solution) of (P).
Copying the proof of Lemma 2.3 of [17], we have
Lemma 2.3 (Comparison Principle). Let u, v ∈ W 1,p(·)loc (Ω)∩ C(Ω) are positive inΩ and satisfy Au− Av ≥ 0 in (W 1,p(·)0,loc (Ω))∗.
If u ≥ v on ∂Ω , then u ≥ v a.e. inΩ .
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Lemma 2.4. Suppose 1 ≤ b(·) ∈ Lα(·)(Ω), α(x) > N onΩ . Let M > 0 and u is the unique solution of the problem−div(|∇u|p(x)−2∇u) = Mb(x), inΩ,
u = 0, on ∂Ω. (1)
Then, |u|∞ ≤ C∗M1/(p−−1) for M ≥ 1, and |u|∞ ≤ C∗M1/(p+−1) for M < 1, where C∗ is a positive constant depending on
p+, p−,N, |b(x)|Lα− (Ω) and |Ω|.
Proof. From Theorem 4.2 of [13], (1) has a solution u. By Theorem 1.1 of [17], u > 0 in Ω . For k ≥ 0, set Ak = {x ∈ Ω :
u(x) > k}. Taking (u− k)+ as a test function of (1), by the Young inequality, we have
Ak
|∇u|p(x) dx = M

Ak
b(x)(u− k)dx ≤ M |b(x)|LN (Ak)
(u− k)+LN/(N−1)(Ak)
≤ M |b(x)|Lα− (Ak) |Ak|
1
N − 1α−
(u− k)+LN/(N−1)(Ak) .
Note that b(x) ≥ 1, then Ak(u − k)dx ≤ Ak b(x)(u − k)dx. Similar to the proof of Lemma 2.1 of [12], we have
|u|∞ ≤ C∗M1/(p−−1) forM ≥ 1, and |u|∞ ≤ C∗M1/(p+−1) forM < 1. 
3. Existence of positive solutions
Let {an} be a positive strictly decreasing sequence and limn→+∞ an = 0. At first, let’s consider the problem
(I)
−∆p(x)u = λK(x)f (x, |u| + a1)+ β(|u| + a1)q(x), inΩ,
u = 0, on ∂Ω.
Lemma 3.1. (i) If q+ < p− − 1, then (I) has a positive solution uλ for any λ, β ∈ R+;
(ii) If q+ ≥ p− − 1, then there exists a constant β∗ > 0 such that (I) possesses a positive solution uλ for any λ ∈ R+ and
β ∈ [0, β∗).
Proof. (i) The relative functional of (I) is
ϕ(u) =

Ω
1
p(x)
|∇u(x)|p(x)dx−

Ω
F(x, u)dx− β

Ω
G(x, u)dx,
where F(x, u) =  u0 λK(x)f (x, |t| + a1)dt,G(x, u) =  u0 (|t| + a1)q(x)dt .
It is easy to see that ϕ is coercive in W 1,p(·)0 (Ω), then ϕ possesses a nontrivial minimum point ϖ , then |ϖ | is also a
nontrivial minimum point of problem (I), then (I) has a weak solution |ϖ |. By the strongmaximum principle, |ϖ | is positive
inΩ (see [17]).
(ii) It is easy to see that

Ω
1
p(x) |∇u(x)|p(x)dx−

Ω
F(x, u)dx is coercive inW 1,p(·)0 (Ω), then there exists a constant β∗ > 0
such that (I) has a positive local minimum pointϖ for any λ ∈ R+ and β ∈ [0, β∗), then (I) has a positive solutionϖ . 
Denote by ϖ0 the positive solution of equation (I). In order to deal with the existence of solutions of (P), let’s consider
the problem−∆p(x)u = λK(x)f (x, |u| + an)+ β(|ϖn−1| + an−1)q(x), inΩ,
u = 0, on ∂Ω. (2)
Lemma 3.2. For any n ∈ N+, (2) possesses a weak positive solutionϖn ∈ C(Ω).
Proof. The relative functional of (2) is
ψ =

Ω
1
p(x)
|∇u(x)|p(x)dx−

Ω
Fn(x, u)dx,
where Fn(x, u) =
 u
0 [λK(x)f (x, |t| + an) + β(|ϖn−1| + an−1)q(x)]dt . Since ψ is coercive in W 1,p(·)0 (Ω), then ψ possesses
a nontrivial minimum point ϖn, then |ϖn| is also a nontrivial minimum point of problem (2), then (2) possesses a weak
positive solution. 
By the proof of Lemma 2.4, the following equation has a positive solution vt(·) (t > 0)−∆p(x)vt = tK(x), inΩ,
vt = 0, on ∂Ω.
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Lemma 3.3. If t > 0 is small enough, then A(vt(x)) ≤ 0.
Proof. Obviously, vt(·) ∈ C1(Ω). By Lemma 2.4, vt(·)→ 0 uniformly, as t → 0. Thus
A(vt(x)) = −∆p(x)vt − λK(x)f (x, vt(x)) = tK(x)− λK(x)f (x, vt(x)) ≤ 0, ∀x ∈ Ω.  (3)
Proof of Theorem 1. (i) and (ii). Denote a0 = a1, and un = ϖn + an for n = 0, 1, 2, . . . , whereϖn is a positive solution of
(2). Obviously, u0 = u1. Since {un} is a positive solution of
(II)
−∆p(x)u = λK(x)f (x, u)+ β(un−1)q(x), inΩ,
u(x) = an, on ∂Ω.
thenA(u2) ≤ A(u1), and u2 = a2 ≤ u1 = a1 on ∂Ω , according to the comparison principle,wehave u2 ≤ u1 onΩ . Obviously,
A(u3) = β(u2)q(x) ≤ β(u1)q(x) = A(u2), and u3 = a3 ≤ u2 = a2 on ∂Ω , according to the comparison principle, we have
u3 ≤ u2 onΩ . Repeat the process, and we have un+1 ≤ un for n = 1, 2, . . . . Especially, we have A(un) = β(un−1)q(x) ≥ 0.
Since A(un) ≥ 0 and un(x) = an on ∂Ω , and A(vt(x)) ≤ 0 and vt(x) = 0 on ∂Ω , we have un ≥ un+1 ≥ vt for n = 1, 2, . . . .
According to Lemma 2.4 and Theorem 1.2 of [10], we get that {un} has uniform C1,α local regularity property, and hence we
can choose a subsequence, which we denoted by {u1n}, such that u1n → uλ and∇u1n → h inΩ . In fact, h = ∇uλ inΩ . For any
domain D b Ω, ∀ϕ ∈ W 1,p(·)0 (D), the C1,α regularity result implies that
D
|∇uλ(x)|p−2∇uλ(x) · ∇ϕ(x)dx =

D
λK(x)f (x, uλ(x))ϕdx+

D
β(uλ(x))q(x)ϕdx, ∀ϕ ∈ W 1,p(·)0 (D).
Therefore, uλ is a solution of equation (P), and satisfies uλ ≥ vt .
(iii) We only need to prove it in the case of λ∗ < λ. The rest is similar.
Suppose λ∗ < λ. Consider
(III)
−∆p(x)u = λ∗K(x)f (x, u)+ β(u0)q(x), inΩ,
u(x) = a1, on ∂Ω.
It is easy to see that (III) has a positive solution u∗0 . It is easy to see that
Au∗0 = (λ∗ − λ)K(x)f (x, u∗0)+ β(u0)q(x) ≤ β(u0)q(x) ≤ Au0,
and u∗0 = u0 on ∂Ω , then u∗0 ≤ u0 onΩ . Let u∗n be a positive solution of the following equation
(IV)
−∆p(x)u = λ∗K(x)f (x, u)+ β(u∗n−1)q(x), inΩ,
u(x) = an, on ∂Ω.
Similar to the above discussion, we can get a decreasing sequence u∗n . Obviously
Au∗1 = (λ∗ − λ)K(x)f (x, u∗1)+ β(u∗0)q(x) ≤ β(u0)q(x) ≤ Au1,
and u∗1 = u1 on ∂Ω , then u∗1 ≤ u1 onΩ . Repeat the process, and we have u∗n ≤ un onΩ for n = 1, 2, . . . . Roughly speaking
u∗n → uλ∗ is a solution of (P), and uλ∗(x) ≤ uλ(x). 
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